The Particle Finite Element Method (PFEM) is used to develop a model to study two-phase flow in fuel cell gas channels. First, the PFEM is used to develop the model of free and sessile droplets. The droplet model is then coupled to an Eulerian, fixed-grid, model for the airflow. The resulting coupled PFEM-Eulerian algorithm is used to study droplet oscillations in an air flow and droplet growth in a lowtemperature fuel cell gas channel. Numerical results show good agreement with predicted frequencies of oscillation, contact angle, and deformation of injected droplets in gas channels. The PFEM-based approach provides a novel strategy to study droplet dynamics in fuel cells.
of fuel cell should be substantially reduced. Cost reductions can be achieved by increasing the maximum current produced in a fuel cell, which is usually limited by the ability of the fuel cell to remove liquid water from the gas diffusion electrode and the channels. In an operating hydrogen polymer electrolyte fuel cell (PEFC), water is produced by the oxygen reduction reaction (ORR) in the cathode catalyst layer (CL). At high current densities, excess liquid water is evacuated through the pores of the gas diffusion layer (GDL). When it emerges from the pores into the gas channels it may form droplets, films, or slug flows depending on the working conditions [5] (Fig. 1 ). Film formation can severely limit the area of the fuel cell available to deliver reactants to the reaction sites. Slug flow might lead to flow malfunction where some channels in the cell do not receive fresh oxygen thereby de-activating large regions of the cell [24] . Optimal water removal from the channels is therefore critical.
Two-phase flow in micro-channels
The channels encountered in fuel cells are of sub-millimeter size. Channels of this size are known as micro-channels [36] . Analysis of twophase flow in micro-channels is an active area of research [2, 4, 12, 14, 36] . Apart from fuel cell, such settings are found in other important applications including micro-reactors and micro-heat exchangers. In such systems, one deals with the interaction of either airflow with liquid droplets or liquid flow with gas bubbles. In order to predict the behavior of such systems, it is of paramount importance to model each of the phases and their interaction at the interface. Dominant effects depend on the considered scale. Surface tension and viscous effects are usually more important than gravitational or inertial effects within micro-channels. These latter effects, however, cannot be neglected. At the considered length scale (i.e., droplets with less than 1 mm height), they might have a significant impact on droplet dynamics [36] . Modeling challenges Interface conditions between the channel and the GDL remain largely unknown and continue to be a very active area of research [35] . Modeling of droplet dynamics in fuel cell gas channels has been studied using both analytical, e.g., [6, 7, 22] , and numerical, e.g., [17, 34, 38] , approaches. Most numerical studies have used either volume of fluid (VOF), e.g., [17, 34, 38] , or level set (LS), e.g., [1, 8] , methods. These fixed-grid (Eulerian) formulations can theoretically handle arbitrary large deformations since the mesh is fixed and elements do not deteriorate. However, the advective term is difficult to discretize due to the jump of the volume fraction function at the interface [17] . Artificial diffusion of the interface is also observed in the solution when coarse meshes are used at the vicinity of the interface. These Eulerian models typically require large computational times due to the challenges of surface tension modeling on fixed meshes (see e.g., [32] ). Surface tension modeling in Eulerian approaches is challenging since the interface is not explicitly represented by the mesh in such approaches. Thus, the surface tension force which is actually a surface force is often represented as a force acting at a layer of finite thickness. Moreover, accurate representation of the discontinuity in the pressure and pressure gradient across the air-water interface requires additional techniques (such as shape function enrichments) whenever fixed mesh approaches are used.
The Particle Finite Element Method (PFEM) Particle Finite Element Method (PFEM) provides an alternative methodology to tackle two-phase flow in micro-channels. Proposed by Idelsohn et al. [19] and Oñate et al. [29] , the method is a combination of a particle approach and the finite element method. The domain is represented by a set of particles that move in a Lagrangian manner according to the velocity field [28] . Forces are then obtained using a background mesh, where the nodes of this mesh coincide with the particles. Since all the information is stored in the particles, the PFEM does not exhibit numerical diffusion due to re-meshing. For droplet-airflow interaction problems, such as droplet-airflow interaction, PFEM may be used for both the liquid and the gas domains. The interface becomes explicitly represented by the mesh and no interface smearing often observed in Eulerian approaches takes place. However, steady-state solutions using PFEM for both sub-domains usually exhibit spurious velocities at the interface due to large pressure gradients [28] . Kamran et al. [23] proposed a degree of freedom duplication to address this issue. An additional disadvantage of a purely PFEM-based approach for droplet-air systems is that it would require re-meshing the entire domain (i.e., both the droplet and the air) at each time step, which may be computationally tedious. Novel particle-based formulations that exclude the deforming Lagrangian meshes (and allow for using large time steps) have been recently proposed [13] . However, this approach is not advantageous for the problem at hand as they preclude mesh-based boundary/interface representation beneficial for the surface tension computations.
A numerical method that combines the advantages of both Eulerian and the PFEM formulations is the PFEM-Eulerian numerical approach. In this approach, the droplet, modeled using the PFEM, moves on top of a fixed Eulerian mesh (representing the air). This approach falls into the class of "embedded" or "immersed boundary methods" widely used in the field of fluid-structure interaction (FSI) modeling [15, 16, 25] . For multi-fluid and multi-phase problems, this approach has been introduced only recently. Conceptually, the embedded framework for multi-phase analysis was proposed in [30, Chap. 5] and [27] , and extended to account for surface tension in [31] and [21] .
In this article, the PFEM-Eulerian is presented as an alternative method to the traditional Eulerian approaches to study the dynamics of liquid water droplets emerging from the gas diffusion electrode to the gas channel of a polymer electrolyte fuel cell (PEFC). The method naturally tracks the interface, thereby mitigating the issues with previous Eulerian formulations, such as artificial diffusion of the interface and high computational time. This approach allows to accurately track the droplet domain boundaries so that boundary conditions and forces (such as surface tension) can be directly applied to interface nodes. Additional techniques used in purely Eulerian (fixed-grid) approaches, where boundaries and interfaces cut the computational mesh at arbitrary positions, are therefore not necessary. The method is shown to be capable to study both droplet deformation and shedding, as well as droplet growth at different flow rates.
The article is organized as follows. First, the numerical model for the two-phase flow is presented. The droplet model is validated in both two and three dimensions. The model is then used to analyze the behavior of a sessile droplet in different substrates with variable contact angle. Droplet dynamics in a fuel cell gas channel are studied next. Droplet dynamics simulation in gas channel accounting for variable volumes is performed.
Numerical model
Let us consider Lagrangian domain Ω L (water droplet) embedded into the Eulerian domain Ω E (air) with an external boundary Γ E (see Fig. 2 ). In the embedded setting, the interface Γ I between the two fluids is defined by the position of the boundary of the Lagrangian domain Γ L . The interface Γ I splits the Eulerian domain into two parts: the real one Ω r E (representing the gas) and the fictitious one Ω f E that does not have physical meaning. Note that at the continuous level the fictitious Eulerian domain exactly coincides with the Lagrangian domain and Γ I = Γ L . At the discrete level Γ I can be thought of as the polyline or polygon that is connecting the intersections between the Lagrangian boundary Γ L and the Eulerian elements (see dashed line in Fig. 2b ).
The governing system of equations in either domain is the Navier-Stokes equations equipped with the incompressibility condition:
where Dv Dt is the material time derivative of the velocity, p is the pressure, t is the time, g is the body force, ρ is the fluid density, and μ is the fluid dynamic viscosity. The physical properties are defined as ρ = ρ E and μ = μ E in Ω E , and
Boundary and interface conditions In order to ensure the well-posedness of the Navier-Stokes problem defined by Eqs. (1) and (2), suitable boundary conditions must be specified. On the external boundary 
where v pr is the prescribed velocity, n is the outer unit normal to Γ N , and σ pr n is the prescribed traction vector. On the internal interface Γ I the coupling conditions are
where n now is the unit normal to the interface Γ I , γ and κ are the surface tension coefficient and the interface curvature, respectively. The x symbol represents the jump of the quantity x across the interface. Equation (5) expresses the continuity of all velocity com-
where indexes E and L distinguish the quantities corresponding to the air and water, respectively). The equality of the normal components of velocity ensures no mass flow across the interface. The tangential components' equality is similar to a no-slip condition and is necessary when fluids with non-zero viscosity are considered. Eq. (6) expresses that the difference in the normal stress across the interface is balanced by the surface tension force.
Projecting Eq. (6) onto the normal and tangential directions leads to the following scalar interface conditions:
Noting that the jump in the stress across the interface is equal to the difference between the stresses of the two fluids σ = σ E − σ L and splitting the stress tensor into volumetric and deviatoric part results in:
The boundary condition on Γ S is corresponding to the contact with the solid surface and enforces the contact angle value known from experiments. It is described in sessile droplet section (Sect. 3.2).
PFEM model for the water droplets
Governing Eqs. (1) and (2) are discretized in space. Being standard, the FEM discretization process is not detailed here. Velocity and pressure are approximated by linear interpolation functions over 3-noded triangles in 2D or 4-noded tetrahedra in 3D. For sake of simplicity, Backward-Euler time discretization scheme is chosen, although any method of the θ -family is valid. The problem for water domain can be stated as follows: givenv n andp n at t n , the time discrete problem consists in findingv n+1 andp n+1 (note that the nodal values are distinguished by an over-bar) at t n+1 as the solution of:
where M is the mass matrix, L is the Laplacian matrix, G is the gradient matrix, D is the divergence matrix,v andp are the velocity and pressure respectively,F is the sum of the body force and the Neumann term representing the forces exerted by airflow at the droplet surface andF st is the surface tension force vector. The matrices are assembled from the elemental contributions, with the components defined as:
where N a stands for the standard linear FE shape function at node a and Ω e is the element integration domain. Indices i, j refer to spatial components. Note that due to using a Lagrangian framework for the domain, the elemental integration domains in Eqs. (13)- (18) must be updated according to changing mesh configuration. The forceF in Eq. (11) includes the Neumann term due to the interaction with gas (normal and shear stress). Due to using the same degree of interpolation for velocity and pressure, Eqs. (11) and (12) must be stabilized. Discussion on stabilization techniques lies out of the scope of this work. A wide class of stabilization methods leads to introducing a stabilization Laplacian matrix of the form S = τ L, where τ is an algorithmic stabi-
and h is the element size (see e.g., [10] for details).
Let us define the residuals of the momentum and the continuity equations (note that index i stands for the non-linear iteration index):r
The governing system in the residual form can thus be written as
The details upon the implementation and linearization can be found in [31] .
Once the system (Eq. 21) is solved, the velocity and the pressure are updated asv
n+1 + dp. The position of the nodes in Ω L is updated as X i+1 n+1 = X n + Δt ·v i+1 n+1 . Note that there exist different schemes for updating the nodal positions. For example, using displacement instead of velocity as a primary variable leads to "exact" nodal position update [30] . Alternatively, nodal positions can be updated using streamline integration according to [13] . The discussion of the impact of these different updating techniques upon the resulting accuracy of the overall method lies outside the scope of this work.
The integration domains necessary for the computation of the discrete operators (Eqs. 13-18) are be updated according to this new configuration X i+1 n+1 . Discretized governing equations are solved using a monolithic scheme, where both velocity and pressure are solved simultaneously at every time step. This method is more computationally intensive, but the presence of surface tension precludes using computationally cheaper schemes such as fractional step method [31] . In the present work, surface tension is modeled implicitly. The details on the surface tension model can be found in [21] .
Eulerian formulation for the air
Discretizing the governing Eqs. (1) and (2) in the Eulerian framework yields the following FE model for the air: 1
whereK(v n+1 ) is the non-linear convection operator, and the rest of terms have been already defined in Sect. 2.1. The convection operator is assembled from the elemental contribution, with the components defined as:
Pressure and convection stabilization terms are omitted here for the sake of brevity. They can be found in [31] . For reducing the computational cost associated to the solution of the governing system, the fractional splitting is applied [9, 11, 18, 33] . For more detailed information on the model, as well as the coupling strategy between both domains Ω E and Ω L , the reader is referred to [31] .
Coupling strategy
The steps of the coupling strategy representing airflowdroplet interaction can be summarized as follows:
1. Solve the water problem using Eq. (21) 
Results and discussion
In this section, several numerical examples are solved. First the model for the droplets is validated in both two and three dimensions. Next, the wetting phenomena (contact of droplets and the substrate) are studied. Finally, analysis of droplet dynamics in PEFC gas channels is performed. Fluids' properties that have been used in the examples are displayed in Table 1 . These values correspond to a constant temperature of 298 K and a pressure of 1 atm. 
Dynamic drop
The free oscillations of a droplet are examined in this example. When its initial shape is different from the equilibrium one (i.e., spherical if gravity is neglected) the droplet exhibits several oscillations prior to reaching the equilibrium state. Lamb (see p. 475 in [26] ) performed an analytical study and found the expression for droplets' eigenfrequencies:
where n is the oscillation mode, ρ is the liquid's density, and R is the droplet radius. The considered setup is a water droplet placed in the center of a square domain filled with air. The initial shape of the droplet is elliptical (Fig. 3a) , with a = c = 1 and b = 3 mm, as proposed in [3] . The density of water is set to ρ = 1000 kg m −3 in this example. The gravity force is neglected. Two different values of viscosity are used in order to check its effect on the resulting oscillations, and the time step is set to 10 −5 s (this time step was suggested in [3] ).
According to Eq. (25) and considering the first non-zero oscillation mode (n = 2), the frequency should be ∼43 Hz. The values obtained using the present model ( f = 46 Hz in 2D, f = 42 Hz in 3D) show a very good agreement with the analytical value. The predicted frequency in 3D is closer to the actual value since it does not neglect the inertial effects in z-direction. The predicted value shows good agreement with the numerical simulation results from [3] as well (∼50 Hz). Figure 3c , b shows the y-displacement of an interface node P, with initial coordinates (0,1,0) mm. Resulting displacement in the 3D example shows more oscillations than the 2D case. Since z displacements are not taken into account in the 2D case, inertial effects in this direction are neglected as well. Figure 4 shows the evolution of the liquid domain over the simulation.
It is important to note that both the viscosity and the time step used in the numerical simulations have to be sufficiently low in order to observe oscillations in the droplet boundary [3] . No oscillations may be detected for large viscosity values, confirming the observation of Bouwhuis. 
Sessile drop in different substrates
When a droplet is placed on a solid substrate, three surface free energies are in equilibrium [20, 21] γ SL (solid-liquid), γ LG (liquid-gas), and γ SG (solid-gas). At Γ S (Fig. 2) , since curvature is zero, surface tension is also zero. At the contact line, the surface tension term is added using the normal vector corresponding to the static equilibrium configuration n eq instead of the actual normal vector n. More details on this condition can be found in reference [21] . The contact angle condition is validated in this example. A square of 1×1 mm is set as the initial configuration. Triangular elements of h = 0.1 mm have been used to discretize the domain. Three different contact angles are taken into account: θ s = 70 • , 90 • , and 135 • . For the considered droplet size, gravitational effects can be neglected as given by the Bond number:
Results for the three different conditions are depicted in Fig. 5 . Initially, the domain is represented by a square. Surface tension force acts on the interface Γ I , minimizing the curvature (i.e., the corners vanish). On the other hand, the contact line (represented by two points) moves accordingly until equilibrium is reached. Table 2 shows the difference between the prescribed and the modeled contact angle. Obtained results show good agreement with the prescribed contact angle, giving a maximum relative error of 0.21% with a relatively coarse mesh. 
Injection
In order to study water transport in PEFC gas channels and obtain results on droplet deformation, detachment, and GDL area coverage, which represent important factors for fuel cell performance and durability, water is injected from a circular pore in a gas channel. For a given air velocity, slug, droplet, or film flow can be observed depending on the injection rate of water, which, in turn corresponds to the current density. Slugs or films are observed for current densities i >0.4 A cm −2 for the fuel cell gas channel considered in this work. Its geometry and properties are specified next. The computational domain is a rectangular channel of H × L in two dimensions (Fig. 6) . Air enters into the channel Fig. 6 Schematic representation of a water droplet in a PEFC gas channel in two dimensions through the inlet, Γ in E , and flows in the positive x-direction. A no-slip boundary condition for air velocity is applied on the GDL surface, Γ GDL E , and zero viscous stress in the normal direction is imposed at the outlet Γ out E (i.e., the outlet of the channel is considered an open boundary). The channel has the sufficient length to ensure that results do not depend on this parameter.
A water droplet is considered to occupy the central position of the channel. The air-water interface is represented by (Fig. 6 ), whereas Γ S denotes the wet area of the GDL (i.e., GDL surface covered by water). The center of Γ S contains the region Γ in S , representing a circular pore with diameter D. The distance between the pore and channel inlet is sufficiently big to avoid entrance effects [7] and air velocity profile is fully developed before the droplet's position. A slip boundary condition for water velocity is applied at Γ S .
Wu and Djilali [37] performed an experiment to investigate the dynamics of water droplets emerging from a squared 50 × 50 µm pore into a 250 × 250 µm air channel. Although dimensions of the channel were different from a channel typically encountered in PEFCs, results provided valuable data on droplet deformation and detachment.
Channel was built using a transparent elastomer (polydimethylsiloxane, PDMS) with a static contact angle of 110 • . This value is similar to that of carbon paper without PTFE coating [37] . Different flow regimes were considered, with Reynolds numbers ranging from 50 to 1200. Droplet flow was obtained for an air velocity of 10 m s −1 and water volume flow of 0.1 µl s −1 . Inlet velocity of water was 0.04 m s −1 .
This example reproduces the experimental results from reference [37] Table 3 . Channel geometry has been discretized using an unstructured mesh of 25000 triangular elements. The mesh has been refined in the region of the channel where the pore and the emerging droplet are placed. Element sizes range from h = 5 × 10 −5 m to h = 5 × 10 −6 m. Droplet mesh is unstructured with 200 triangular elements (see Fig. 7 ). Element size is constant with h = 5 × 10 −6 . Simulations have been performed with a time step δt = 10 −6 s.
Lagrangian inlet
In order to simulate water injection into the droplet, appropriate boundary conditions must be prescribed. In fixed-grid Eulerian models inlet conditions, such as air entering the channel, are represented via Dirichlet boundary conditions simply by prescribing the fixed velocity value. However, an inlet condition applied to a moving Lagrangian mesh is not trivial. In this work, the water injection process is done by creating new nodes in a specific region of the boundary, as shown in Fig. 8 . Initially, the inlet region is represented by a set of nodes with a given initial velocity (colored in red in Fig. 8a ). These 
nodes start to move according to the given velocity, leaving an empty space in the domain (Fig. 8b) . The area occupied by this empty space is the same than the increase of area of the whole domain. After a certain time, when the distance from the nodes to the injection boundary is bigger than a prescribed value (computed as the distance between the two adjacent layers of nodes at the inlet on the initial mesh at t=0, approximately equal to the height of the undeformed elements), a new set of nodes is created (Fig. 8c) . Since the Lagrangian domain is discretized using the PFEM methodology, the re-meshing process introduces the new nodes in the updated mesh. This Lagrangian inlet method is advantageous for the problem at hand, since water can be considered an infinite reservoir. Note that there exist alternatives of modeling the inlet on moving grids, such as e.g., Arbitrary Lagrangian Eulerian technique that allows to maintain the inlet nodes fixed in an Eulerian fashion, while moving all the rest of the droplet domain nodes in a Lagrangian fashion.
In this section, the dynamics of an emerging droplet in a PEFC gas channel are studied. Water produced within the fuel cell emerges into the channel from the GDL pores. Depending on the operating conditions, water may evolve as a droplet, a slug, or a film. The following examples recreate these flow types.
Droplet flow
Experimental validation Wu performed an experimental study to observe effects of air and water inflow velocities on droplet dynamics [37] . The experimental setup was a rectangular channel of 250×250 µm cross-section and 3 mm length. Air entered the channel at a constant velocity of 10 m s −1 . Water was injected via a 50×50 µm pore with an inlet velocity of 0.04 m s −1 . Wu observed that emergence and posterior detachment process was repeated every 0.075 ms approximately, giving a frequency f = 13.2 Hz (i.e., approximately 13 droplets per second emerged and detached from the pore). Experimental results are used to validate the numerical model. Figure 9 depicts the process of water injection into a gas channel. Experimental results obtained in [37] are displayed in left-hand side column. Right-hand side column shows the predicted droplet profile according to the embedded method. Channel walls are represented by black lines, whereas the blue line is the droplet profile. The gap in the channel surface is the pore where water is injected. Predicted profiles are similar to those observed in [37] , specially at the beginning of the injection process.
Evolution of contact advancing and receding angles according to Wu is shown in Fig. 10 . Three regions can be distinguished: (I) both advancing and receding angles increase at the same rate, (II) receding angle remains constant, and (III) receding angle decreases at a constant rate. Experimental (left column) and simulated (right column) deformation process of an emerging droplet into a gas channel. Experimental results extracted from [37] . a Experiment, t = 5 ms; b Simulation, t = 5 ms; c Experiment, t = 10 ms; d Simulation, t = 10 ms; e Experiment, t = 15 ms; f Simulation, t = 15 ms; g Experiment, t = 20 ms; h Simulation, t = 20 ms; i Experiment, t = 25 ms; j Simulation, t = 25 ms; k Experiment, t = 45 ms; l Simulation, t = 45 ms; m Experiment, t = 65 ms; n Simulation, t = 5 ms
Numerical results show good agreement with experimental data from reference [37] , particularly prior to the onset of droplet detachment. At early stages of droplet emergence (regions I and II), both predicted and measured contact angles have an excellent fit. After time t = 0.02 s, the results obtained with the present numerical start over-predicting the angles. Moreover, the difference between results is probably due to significant effects in the z direction that start manifesting as the droplet deforms from a nearly axisymmetric shape, which is not considered in the 2D model. At t = 0.045 s the droplet starts to break up from water stream injected through the pore. At t>0.06 the break-up effects become completely pronounced in the experiment (see the "neck" developed at the receding side). Whereas the advancing point is moving, the receding point is pinned. A model that includes droplet break-up effects must be developed in order to improve these discrepancies observed with respect to the experimental observations. This puts in evidence the importance of developing a fully three-dimensional model of droplet-airflow interaction, accounting for the deformation of the entire contact line (which cannot be done with a 2D model).
Summary and conclusions
The PFEM has been used to model surface tension-dominated droplet problems. The droplet model has been validated in both two and three dimensions. In two dimensions, the PFEM model was coupled to an Eulerian formulation for air to study droplet-airflow interactions. The model was capable of accurately including surface tension effects present at the dropletair interface. Wetting phenomena have also been analyzed, and the model can be used to simulate sessile droplets in substrates with variable contact angles. Droplet dynamics considering varying volumes have been experimentally validated and results show good agreement with available data. Analysis of post-detachment behavior defines an important task to be undertaken in future. Moreover, fully threedimensional simulations of droplet-airflow interaction have to be performed to accurately account for contact line deformations (which cannot be considered in a 2D model, where the contact line becomes represented by two triple points). 
